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An Analysis of Highway On-ramp Merging
by Queuing Theory
*Hiroshi INOUYE
Synopsis
In this paper we deal with traffic behaviours on a
section of highway including an on-ramp by means of
queuing theory. It is the purpose of this paper to
provide the adequate capacity for highway on-ramps,
which is useful for the design of on-ramps and the tra-
ffic control of highway.
The highway on-ramp merging is modeled as a queue
and the system is solved. Then the maximum possible
flows for merging from an on-ramp is obtained in a form
of an function of through lane flows. The traffic
capacity of an on-ramp is estimated from the relation
between the average waiting time before merging and the
incoming flow from an on-ramp, which is induced by the
theory of queues.
1. Introduction
At a highway on-ramp junctions, the traffic disturbance
caused by merging becomes a serious obstacle, so that sufficient
considerations should be necessary for the design and the tra-
ffic control of highway on-ramps. Therefore the traffic beha-
viours at an on-ramp junction must be made clear and the traffic
capacity must be adequately estimated.
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In this paper we approach to mergings of traffic from an
on-ramp into an outer through lane of highway by use of queuing
theory. The problems of highway merging have been studied by
many researchers, and the queuing theory has been used by some
authors (1,2,3,4,5). But most of them deal with static merging
which means that a vehicle stopping on a minor road merges into
a major road with the appearance of a minimum acceptable gap.
Contrary to the static merging, the word dynamic merging
means that a vehicle incoming from the on-ramp drives on the
accelaration lane and merges into the through lane with the
appearance of a minimum acceptable gap. The minimum acceptable
gap is about 5~6 sec. in case of static merging, but in case
of dynamic merging it becomes about 1.5~2.0 sec.. Of course,
the difference of speed between the through lane and the on-ramp
influences the possibility of merging.
More important differences exist between the static merging
and the dynamic merging. In static merging models the minimum
acceptable gap is considered to be a service time, and the follow-
ing vehicle stopping on a ramp should form a judgement first on
the gap between the former vehicle and the following vehicle on
the through lane. On the other hand in dynamic merging models,
the gaps observed by a vehicle driving on the accelaration lane
may be delayed from the gaps observed by the fore vehicle.
Accordingly the following vehicle may not always form a
judgement for merging first on the gap to which the fore
vehicle merged. If we suppose the arrivals of vehicles on the
through lane are random, the time lags observed from vehicles
on the accelaration lane are independent one another.
Moreover if two vehicles inflow to the same gap, there
must be delays since the former vehicle starts to merge until
the following vehicle starts to merge.
This paper deals with dynamic merging. As the service
time both the acceptable gap and the time ~rom the beginning
to the end of merging are considered. By the application
of queuing theory, the critical flows on a ramp such that the
queue length on an accelaration lane does not increase infinitely
is obtained.
The practical capacity at on-ramp junctions should be
small than the critical flows. It is estimated from the view-
point that the average waiting time or the average running dis-
tance on an accelaration lane does not exceed a fixed value.
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2. Formulation of On-ramp Merging Model
Now we formulate a highway on-ramp merging model by use of
queuing theory. We subject such an on-ramp merging as an on-
ramp inflows into the outer through lane of highway, and assume
the acceleration lane is long enough. At a merging section,
lane changings between the inner lane and the outer lane are
not considered and as the through lane flows only the outer lane
flows is considered.
Now we suppose the arrivals of through lane traffic and on-
ramp traffic subject to poisson distributions with average arri-
val rates A and v respectively. Therefore the interval of arri-
vals which is expressed as a gap subjects to an exponential dis-
tribution with average value l/A and l/v respectively.
The probability density function f(tl) of a gap on the th-
rough lane and g(tz) of a gap on the on-ramp are expressed by
f (td = Ae-Hl , (1)
g(tz)= ue-utz • (2)
It is assumed that the through lane traffic drives at a
constant speed Vo, while theon-ramp traffic drives on the acce-
leration lane at a constant speed Vl until they start merging.
We suppose that a vehicle willing to merge forms a judge-
ment of the possibility of merging when the fore vehicle fini-
shed merging. Then the following vehicle merges, if there
exist time lags Tl between the fore vehicle and Tz between the
rear vehicle on the through lane.
----i§"~" \-:~----------~~:~::<:J outer lane
------ ----------------~-------411I acceleration lane
Fig.l Minimum acceptable gap for merging.
If there exist no necessary time lags, they must wait until
the necessary lags appear. This implies that the rule U first
come first served I' is assumed. We object the case that the
merging is practiced in safety.
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The time spent for merging is supposed to sUbject an expo-
nential distribution with the average value l/~. Therefore the
probability density function r(ta) of merging time is given by
(3)
Now let Sn(t) denote the probability that n vehicles are
waiting for merging on the acceleration lane and the leading
vehicle will merge with the appearance of the minimum acceptable
gap T. In this situation, the minimum acceptable gap does not
exist at time t. Accordingly the probability that the leading
vehile becomes to be able to merge in a very small interval of
time dt is equal to the probability that a vehicle passes through
a· point VoT1 ahead of the vehicle in dt under the condition the
present lag is smaller than T, besides the next gap is larger
than T. Therefore the probability is expressed by
1
where,
1jJ=VI!Vo,
T=T1+ T2.
On the other hand, let Dn(t) denote the probability that
there exist n vehicles on the accelelation lane at time t and
the leading vehicle is just merging. Then the probability
that the second vehicle becomes to be able to merge in a very
small time interval dt is equal to the probability that the lea-
ding vehicle finishes the merging in a interval dt and the se-
cond vehicle have time lag T1 with the fore vehicle and T2 with
the rear vehicle. Therefore the probability that the second
veicle becomes to be able to merge in a interval dt is equal to
Adtexp(-AT). While if the second vehicle does not have time
lag T1 or T2' the vehicle becomes to waite for merging.
Moreover we denote the probability that there exist no veh-
cle on the acceleration lane at time t by R(t). Then the next
five equations should hold.
Dn(t+dt) = Dn-l(t)vdt + Dn(t) (l-~dt-vdt) + Dn+l(t)~e-ATdt
-h
+ Sn(t) A(1-1jJ) e dt , (n~2), (4)
l-e-AT
Dl(t) (l-~dt-vdt) + D2(t)~e-ATdt
+ R(·t) vdt e- AT ,
-AT
+ Sl(t)A(l-~) e X
l-e- T
(n~2) , . (5)
dt
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5n (t+dt)
51 (t+dt) e- AT }5l(t) {l-udt-A (l-W) l-e- XT dt
+ 02(t)~(1-e-AT)dt + R(t)vdt(l-e- AT ) ,
(6)
(7)
R(t+dt) = R(t) (l-vdt) + 01 (t) ~dt • (8)
If we rearrange the above equations and devide by dt, fur-
thermore let dt approach zero, we have the following differential
equations.
dOl (t)
dt
(9)
(10)
(11)
dR(t)
----err-
+ v (l-e-AT)R(t) ,
-vR(t) +llOl(t).
(12)
(13)
Now we consider the limit state when t approaches infinity.
In the limit state the system will be steady, i.e. dOn(t)/dt=O
(n~l), d5n (t)/dt=O (n~l), dR(t)/dt=O. Besides 0n(t) (n~l),
5n (t) (n~l) and R(t) become to be independent of t, so that we
can omit t from the above equations.
Thus the above differential equations are replaced by the
difference equations of the form
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0, (n2:,2),
(14 )
-A't-(~+V)D1 + ~e-ATD2 + A(l-~)l~e-AT Sl + ve-ATR = 0,
e-Al A
vSn -1 - {V+A(l-~)l_e-A' Sn}+ ~~1-e- ')Dn +1 = 0,
-AT-{v+A(l-~) e A }Sl + ~(1-e-AT)D2 + v(l-e- AT )R = 0,
1-e- T
-vR + ~D1 = o.
From above equations, we have
VDn - ~Dn+1 + VSn = VDn-l - ~Dn + VSn -1
(15 )
(n2:,2) ,
(16 )
(17 )
(18)
and this gives
Sn = ~ Dn +1 - Dn , (n2:,l) . (19)
0, (n>2).
SUbstituting Sn into equation (14), we have
-AT
VDn-1 - {~+v+A(l-~) e A }Dn1-e- T
. . -AT
+ {~e-AT+~A(l_~) e A }Dn +1v 1-e- T
This relation may be written by a recurrence of the form
ADn-1 - BDn = c(ADn - BDn +1),
where,
( 20)
A v ,
±
(21)
(22)
1
C.= 2v (
-AT~+v+A (1-~) e A
l-e- T
(23)
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and A, B,C > o.
We assume that
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~ < 1B '
1C < 1, AC < 1B '
then we have the solution of the recurrence formula (20),
where,
(~B) n-lOl K
- BCn-2
l_(Ac)n-l
B
l_AC
B
(24)
K = AOI - B02.
From the assumption B>AC, the coefficients B, C must be
C 12v (
-AT
11+V+A (1-1jJ) e A
l-e- T
From equations (15), (17), (18), 01, 02 are written by
01 ~ R
11 '
Then the value of K is found by the condition
00 00
L On + L Sn + R = 1,
n=l n=l
and this gives
K = v(E-B) (C-l) (B-A)
Cj.1(CB-E) (27)
R
where,
(C-l) (B-A)
CB-E (28)
(29 )
Consequently we have the solution of the -differenceequa-
tions (14) r-J( 18) ,
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\/ (C-l) (B-A) {(E-AC) (~)n-l_ (E-B) (!)n-l}~ (CB-E) (B-AC) B C'
Sn = 1 (C-l) (B-A) (E-AC) (E-B) { (~) n_ (!) n}
11 (CB-E) (B-AC)B C '
(n~l), (30)
(n2;l). (31)
Now we seek the condition that the system gets to be steady.
For this purpose, the inequalities
~ < 1
B '
! < 1C ' AC < 1,B
must be hold. Since we decide Band C such that B>AC, the in-
equality A/B<l holds if C satisfies l/C<l. Hence the inequali-
ty
1
2\/ (
-AT~+\/+A(l-1jJ) e A
l-e- T
must be hold. Rearranging the above inequality, we have
(32)
We denote the right-hand side of the above inequality by
\/*. The value of \/* gives the supremum of flow from the on-
ramp such that vehicles of the acceleration lane do not increase
infinitely. We consider the merging in the range under this
critical flows from the on-ramp.
Now we seek the average value of queue length. The ave-
rage number of vehicles on the acceleration lane including a
merging vehicle is written by
00
L = L n(Sn+Dn)
n=l
1 (C-l) (B-A) {ABE (E-AC) _ CE (E-B) }
iJ (CB-E) (B-AC) (B-A) 2 (C-l) 2 (33)
In a general queue, the relation
L = \/ W
holds with respect to the average queue length L, the average
waiting time Wand the average arrival interval of time 1/\/.
So that the average waiting time W a vehicle spends until the
vehicle finishes the merging is written by
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1
-L
V
(C-l) (B-A) {ABE (E-AC) _ CE(E-B)}
llV (CB-E) (B-AC) (B-A) 2 (C-l) 2 (34)
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and this gives the average running distance U on the accelera-
tion lane until the vehicle finishes the merging
VI (C-l) (B-A) {ABE (E-AC) _ CE(E-B)}
llV(CB-E) (B-AC) (B-A) 2 (C-l) 2
3. Computational Results
(35)
Now we compute the values which are subtracted in the previ-
ous section, using parameters obtained by practical observations.
It is the minimum acceptable gap to influence severely to
the possibility of merging.
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time headway
Fig. 2 Percentage of time
headways between the merging
vehicle and the fore vehi.cle.
time headway
Fig. 3 Percentage of time
headways between the merging
vehicle and the rear vehicle.
Fig.2 shows the percentage
of time headways between the mer-
ging vehicle and the fore vehicle
on the through lane, and Fig.3
shows the percentage of time
headways between the merging veh-
cle and the rear vehicle on the
through lane (6).
In this Figure, some cases
of forced merging are included.
In general to practice a normal
merging, time lags at least 0.7
sec. with the fore vehicle and
0.9 sec. with the rear vehicle
are necessary. Therefore ta-
king into account of some mergin,
we use T = 2. 0 sec. as the minimum
acceptable gap.
Fig.4 shows the'relation
between the minimum necessary ti-
me gap and the number of vehicle
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which merge to a same gap(7).
This proves that the mer-
ging is possible at the rate
of one vehicle for 1.5 sec.
Therefore we use 1/~=1.5 sec.
as the average time spent for
merging.
With respect to the speed,
we assume that the relation bet-
ween the average speed and the
traffic density on the through
lane is linear. Whence the
speed Vo Km/h on the through
lane is given as a function of
flow Q v.p.h. by
2400+ j 2400 2-2400 QVo =
60
~ ,.
'Z 14f'
~ 13
~ 12
~ 11
u 10
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~
:!! 7
g' 6
~
~ 4
g 3
~
:1
~VV/
V V/
3 4 •
nember of merging_vehicles
provided that the capacity is
2400 v.p.h. and the free speed
is 80 Km/h at a section in which
they are not influenced by mer-
ging. Further we assume the
speed Vl of inflowing vehicles
on the acceleration lane is 40
Km/h.
Using the above parameters
we have the value of the criti-
cal flows from the on-ramp v*,
and this is shown in Fig.5.
We show the average number
of vehicles on the acceleration
lane W in Fig.6, and the avera-
ge running distance on the acce-
leration lane U in Fig.7.
Fig.4 Time gap on the through
lane and the number of merging
vehicles.
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Fig.5 Critical flows from the
on-ramp.
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Fig. 7 Average running distance on the acceleration lane.
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4. Conclusions
The critical traffic volume from the on-ramp means the supre-
mum of flow from the on-ramp such that vehicles on the acceleration
lane do not increase infinitely. When the on-ramp flows approach
to the critical values, the queue length will increase rapidly.
Therefore we must estimate the traffic capacity at on-ramp junc-
tions in the range the queue lengbh is not so long. In practical,
the length of acceleration lane will be a constraint, so that the
acceptable queue length should be decide considering the length of
the acceleration lane.
If an on-ramp junction with sufficient length of acceleration
lane is objected and the average waiting time 20 sec. i.e. the ave-
rage running distance of 222 meters is used as the criterion, then
as the maximum acceptable flows from the on-ramp, we have 500 v.p.h.
in case of middle traffic on through lane at about 1200 v.p.h. and
300 v.p.h. in case of heavy traffic at about 1800 v.p.h. conse-
quently the traffic capacity at an on-ramp junction is estimated
at 1700 v.p.h. in case of middle traffic and 2100 v.p.h. in case
of heavy traffic.
If we object an on-ramp junction with an acceleration lane
about 200 meters length, we use the average waiting time of 10-sec.
i.e. the average running distance of 111 meters as the criterion.
Then the maximum acceptable flows from the on-ramp becomes 300
v.p.h. in case of middle traffic at about 1200 v.p.h. on bhe th-
rough lane and 200 v.p.h. in case of heavy traffic at about 1800
v.p.h.. Accordingly the traffic capacity at an on-ramp junction
is estimated at 1500 v.p.h. in case of middle traffic and 2000
v.p.h. in case of heavy traffic.
These values agree approximately with the results investiga-
ted by means of the traffic simulation.
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